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BASICS OF ELECTROMAGNETIC THEORY
& MAXWELL'S EQUATIONS

THEORY

1.1 VEcTOR ALGEBRA

1.1.1
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There are 3-types of product
() Dot Product

(i) Cross Product

(1)  Triple Product

Vector Product

(i) Dot Product

The Dot Product of two Vectors A and B is given by,

A
0 B
AB = A-B-cosO
Let, A = A, +Ay£1y +A,a,
B = Bia, +B,a, +B,a,
Thus, Dot product is given by
A-B = AB, +ABy +A,B,

Dot product is a Scalar quantity.
(ii) Cross Product

The Cross product of two Vectors A and B is given by

AxB = Al |Blsin64_

where, a, = Normal unit vector. (Normal unit vector to AB plane)

AxB = a, (AyBZ —AZBy)—éy (A.B,-A,B, )+4, (AXBy —BXAy)
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It is represented in the determinant form as given below

AxB

X y z
, . A, A, A,
Le. AxB = y

B, B, B

X y z
Cross product is a Vector quantity.
(iii) Triple Product

Ax(BxC) = B(C.A)- C(AB)

1.1.2 Vector Operators
(1) Gradient Operator is VV of scalar V

(2) Divergence operator is YV of vector
(3) Curl vxA of vector A

(4) Laplacian V2V of scalar V

(1) Gradient (y; operator) : Operator is given by VV

N N
Here del operator V = s +g v T
Gradient is applicable for Scalar fields only.
It given the Rate of change of Scalar field along the different co-ordinate axes.

Example : Gradient of potential field V is given by

— a_Vé +6_Vé +6_Vé
VvV = ox ¥ ay Y oz 2
where, V is a Scalar field.

Note : Gradient of a potential field gives the electric field.

1c., E = V-V, where, E is the electric field intensity.

Note : Gradient of a scalar field is a Vector quantity.

(2) Divergence : It is applicable for a Vector ficld. Divergence of a Vector field gives the flux coming
out of a closed surface, when volume of the surface shrinks to zero.

Let, D = D.a, +Dya, +D,a, = Electric flux density
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iéx +iéy +352 -(D,d, +Dya, +D,4,)
ox oy oz

S _— iDXJrﬁD +3DZ
V-D = oy ¥ oz

The above equation represent the divergence of a Vector quantity (D).
Note : Divergence of a Vector field is a Scalar field.

Example : V.D=p, = Charge density

(3) Curl of a Vector field : The curl of a Vector field.

= Aa +Aa, +A4, is given by

NN ax—(ﬁAz—ﬁija NICHNSNCINY
ot oY x o a &Y

o]

VxA
For example, The curl of Magnetic field intensity (H) represented as
g = Ha, +Ha, +H,a,

Can be given by determinant form as shown below

AX Ay é\'Z
Sy °
Vxd = |0x Oy oz
iy T,

9 -n ax—(ﬁHz—ﬁija % - Ou
Oy oz’ Ox Oz Y

Note : Curl of a Vector field is a Vector quantity.

Example : v =] = Current density.

(4) Laplacian (V?) : Laplacian of scalar V is divergence of gradient of scalar V
Vv = vvV = Divergence (Gradient V)

For Cartesian Coordinate

. OV  0°V OV
Laplacian VV = 5o oy ton

Note : A vector A is said to be solenoidal if its divergence is zero

VA =0
Example : Magnetic field is solenoidal
VB =0
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A vector A is said to be irrotational if its curl is zero.

VxA =0
Example : In static environment Electric field is irrotational or conservative
VxE =0
. A scalar field is said to be harmonic in given region if its laplacian is zero.
vy =0
. Divergence of curl is always zero
V.(VxA) =0
. Curl of gradient is always zero
Vx(VA) =0

1.1.3 Divergence Theorem

According the divergence theorem, “The surface integral of a vector field over a closed surface S is equal
to the Volume integral of divergence of the Vector field”.

(ﬁﬁcﬁ v I?ﬁ dv

1.1.4 Stokes Theorem

According to this theorem, “The Line integral of a Vector field over a closed path is equal to the Surface
integral of curl of the Vector field”.

G0 _ [(9xH).S

S

Example 1 : Given vector field A =xyd, +x%_ . Find CfA'dl circulation by stoke’s theorem over path

given below.

y
3
\C
1
O IN3 213
Solution :
Stoke’s theorem $Adl = [[(VxA)ds
a'Z
o
Curl 0z
0
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_ 19 0y— 0 (2 [Q _ J i 2 _i
= |:ay(0) aZ(X ):|ax+ aZ(XY) 0 ay+|:aX(X ) ay(XY) a,
VxA = xa,
area element ds=dx .dy. 4,

Using stokes’ theorem
qSA.dZ = H(VxA).ds

3243
— I I x.dxdy =1
1143
Example 2 : Given the vector field A = y%a_ + (2xy + x* + 2°) a, + (4x + 2yz) a,. Find divergence of vector
field.

Solution :
0 0 0
Divergence is given by VA = a8 +@AY+§AZ
_ 01y Do e D
= 8x[y ]+ay[2xy+x +z ]+az[4x+2yz]
=0+2x +2y
=2x+y)

Example 3 : A scalar field g = (1 + 2k)x’y + xyz will be harmonic at all point for which value of k.
Solution :
Condition for harmonic field Vg = 0

vzg = 6X2+W+$ =0

P 0 0
= o [2x(+ 2K)y +yz] + By [+ 20)x +xz] + 2,11
= 20+2k)+0+0=0

1

Therefore k= —5

1.2 Co-ORDINATE SYSTEMS

1.2.1 Cartesian Co-ordinate System
The co-ordinates of a point P in the cartesian co-ordinate system is x, y and z along the x, y and z axis.
It can be represented as P (x, y, z) as shown below

y

> P(xy.2)

————————————
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. Differential length in cartesian coordinate is
di = dxa +dya, +dza,
. Differential area in cartesian co-ordinates

ds, = dydz-a,

E dxdz-a,
ds, = dxdy-a,
. Differential volume 1n cartesian co-ordinates 1is

A Z

dz| Eﬂ

Lay (&

=Y

X
dv = dxdydz
1.2.2 Cylindrical Co-ordinate System

The cylindrical co-ordinates of a point is represented in terms of p, ¢ and z along the cylinder as given below

\Z
PP T
|
|
|
1 Z
|
|
|
|
~ : 'y
\\I hA
X
Here, p = Radius of cylinder.
¢ = Angle between x-axis and perpendicular on x-axis of the point.
. Differential volume in cylindrical co-ordinates is given by
dv = pdp.ddp.dz
. Differential Length in cylindrical co-ordinates is given by
de = dpa, +pdda, +dza,
. Differential Area in cylindrical co-ordinates is given by
ﬁp = pdddz-a,
ds, = (dp)(pd¢)-4,
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1.2.3 Spherical Co-ordinate System

The spherical co-ordinates of a point is represented interms of r, 8 & ¢ along the spherical surface as
shown below :

X
Differential length
d/ = dra, +rdd a, +rsin 6.d¢ a,
Differential area
r’sin6 dO d¢ a,
ds = | Tsin®drd¢ a,
rdrd6a,
Differential volume dv = (dr) (rd®) (r sin 0 do)
1.2.4 General Co-ordinate System : (U, V, W)
U A\ W hy h, h;
Rectangular X y z 1 1 1
Cylindrical P ) z 1 p 1
Spheri cal r 0 b 1 r rsin 0

Mathematical Expressions of Operators

Doy, A Chiem o
A Th ey Th,
+A

I
':T'|»—«
%’!%’

(1)  Gradient AvAV

(i) Divergence of Vector A=Aa +Aa LA,
5 ! hhA ]+ 2 (hhA,) -2 (hh,A
VA = h1h2h3 [ 243 u] av( 3t v) aw( 12 w)
. S | d (hoh; ov L0 h:h, ov L0 hh, ov
(i) Laplacian VAV = hhh,|aul h, éu) vl h, ou) wl h, ow

(v) Curl
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h,h, ovow a,
(v) Arca ds = | huhs dudw ?’v
hh, ovow 4,
(vi)  Volume dv = h h,h,0u v ow
(vil) Length d/ = hdua,+hdva +hdwa,

1.2.5 Co-ordinate Transformation

3

p(X, v.2) =(p, 0. ¢) = (p, ¢, 2)

Relation between Cylindrical and cartesian co-ordinates

Cylindrical Cartesian
p=4x*+y? X = p cos ¢
p=tan’| Y] v =psin g

Z=7z

Relation between spherical and other co-ordinates

Spherical Other Co-ordinates

r=4x>+y*+ 2 p=r1 sin O

I~ 2 2
0=tan™' (%):tanl(%ﬂ/} X =r sin 6 cos ¢
¢ =tan! (%) y =1 sin 0 sin ¢
Example 4 : Determine divergence of vector fields

(@ A =psin¢ a +pzd,+zcosda,

. 1 oy L) A A~
b)) B = r—zcosear+rsm Bcos¢ 4, +cosba,

Solution :
0
(a) Fra
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= ——(p s1n(|))+—a—¢(p z)+—[zcos<|)]

= 2sin¢p+cosd
~ 10 1
(b) VB = —25( )+ 09(B sm9)+ 90(])( »)
= 1 a(cos 0) + 1 eae(rsmzecoscl)) 1 ea(I)(cose)

=O+2cosecoscl)+0

=2 cos O cos ¢

Example 5 : For above vector field A find curl v« A

Solution :
a, pa, a,
lle o 2o
VxA = plop 0 2z
A pA, A,
a, pa, a,
e o @
=p B &
psing p‘z zcosd

= [Esin(l) —pz}ép + 0+l[3p22 —pcos¢]a,
p p
1, . A

= —E(zsmq) +p*)a, +(Bpz—cosd)a,

1.3 ELECTROSTATICS

Stationary charge produces electric field E .
A charge may be point charge, line charge, surface charge or volume charge distributed.
There are two laws in electrostatics coulomb’s law and gauss law.

1.3.1 Coulomb’s Law

Statement : The force between two point charge Q; and Q, is inversely proportional to square of distance
between two charges and directed along the vector connecting two charges.
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kQQ, .
Force, F= |f2 |2 A,
1

QQ,.(% %)

F, = - .3
A7 4me [ -5

Electric field g intensity is defined as force per unit charge

. _F
E~Q
. Electric field due to point charge
E = in So r? 4,
. Electric field due to line charge
__ Jpdl

a
E re 1? °

. Electric field due to surface charge

__ lipds .

E = 4re ™

. Electric field due to volume charge

__ [lev

= a
E ™ 4re 2™

Electrostatic potential is defined as work done per unit charge and it is scalar potential due to point charge.

V= 47520 r
Gradient of potential is ¢lectric field.

E = -VV
For close loop ‘C” work done is zero

V= —CﬁE.dl =0

c
by stokes theorem for static field.
VxE =0

Electric flux passing through any surface areas
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P = [[Dds

D = Electric field density c¢/m?.

| 11

Electric flux

where,

1.3.2 Gauss’s Law

Statement : The clectric flux passing through any closed surface is equal to the total charge enclosed by
that surface.

i.e., \.IJ = qS;DdS = Qenclosed

Integral form C.fD'dS = .[ p,dv (p # py)
p, = Volume charge density

Differential form vD = p,

Example 6 : Charge density inside a hollow spherical shell of radius r = 4 cm centered at origin defined
as

0 r<2

for
Py = ;izc/m3 for 2<r<4

Find Electric field intensity at r = 3

Solution :
From Gauss law $Eds = QET = éjpvd‘/
4 ELOJ'(O)dVJrELOJ';iZdV [0 <r < 3]
E(4nR?) = elof;ﬂ 72 12 sin 0 dr do d]
E (4n x 3%) = %(3—2)
4
E=gc &

1.3.3 Electric Dipole
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. Electric dipole consist of two point charge, separated by small distance d having opposite polarity.
. Dipole moment p=qd
. Electric potential due to dipole is given by
_ PcosB
T 4ne 1’

Note : Potential is maximum along dipole and it is inversely proportional to square of distance.

Electric field due to dipole is given by

_ P [2cos6 a, +sinB a,]

E = 4n g
R 1
Note : For monopole E & 2
. b 1
For Dipole E *3

1.3.4 Electrostatic Energy

Energy stored in the system with electric field E and electric flux density 1) is given by

)
]

= %J.EOEZdV

1.3.5 Electric Boundary Conditions
Boundary conditions are defined when region consist of two different media.
Electric field composed of two orthogonal component, tangential component E, and normal component E, .
E=E, + E,
Consider the two different dielectric medium (1) and (2) with permittivities €, and e, respectively as

shown below

E,
Medium 1
__________ ]_5:‘2
Medium 2

E,
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. Dt1 _ t,
ie., E, =E or "=

1 2
If the surface charge density at boundary is ¢, then boundary condition becomes.

D,-D, =e

S

1.3.6 Poission’s and Laplace Equation

Electric potential V and volume charge density E, in certain region is related by poissions equation

2 :p_v
Vv c

For charge free region vy =0

Uniqueness theorem states that if solution of Laplace or poission equation satisfies the boundary condition,
then solution is ‘Unique’.

1.4 MAGNETOSTATIC FIELDS

Magnetic field is produced by moving charges or constant current flow.

- —~—

-

P
e - - ~
a2 SO0
I A
\\1 \ ,|
A\ I}
N e
N L
3N s k<
7/ \
! !
\\ \\ // !
- \U/ .- L

-

- ——

Magnetic flux is concentration of magnetic flux line outward from north pole towards south pole of
magnet.

Magnetic flux density is defined as magnetic flux per unit area and it is vector quantity. Its unit is Tesla
(T) or weber per squared meter (1 wb/m?)

Qv
B g
Flux 3, j B.ds

Relation between magnetic flux density B and magnetic field intensity [ is given by
B= pH=puH
where, u = Permeability of medium
Lo = 4nx107H/m
1.4.1 Bio-Savart’s Law

Statement : The magnetic field intensity dH produces at point P due to current element Id/ is given by
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_ Id/sin®
dH = “oRe
or dH = Id/xa, _ IdIxR

47R? 47R3

Direction of magnetic field is given by right-hand rule where fingers shows magnetic field line and direction
of thumb show current L.

H

<& . =B

1.4.2 Ampere’s Law
Statements : Line integral of magnetic field intensity around any closed path is equal to current enclosed

by the path
fHAI _
1

enclosed

By stoke’s theorem

$HA! _ [[(VxH)ds = [[Ids

or VxH=]
Curl of magnetic field intensity |y is equal to current density J.

Example 7 : Consider hollow concentric cylinder carrying I and -1 current in opposite direction. Find
magnetic field intensity inside and outside cylinder.
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Solution :
Case-l : If r < a

using ampere’s Law

-1
\ .
a
A
$Hdl _
Inside inner cylinder current enclosed is zero
$Hd/ =0
H = 0 inside inner cylinder.
Case-ll : Ifa<r<b
$Hdl =1
_ 1
H=

Case-III : If r > b

$Hdl =1-1=0

H = 0 outside outer cylinder

I

e

Ho

Magnetic field T

T

r
Distance

<o

b

Example 8 : An infinite current sheet lies in the z = 0 plane with K = ka,- as shown in figure. Find H.

L

Y

-l
-
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